In this work, we study some new common fixed point results for generalized contractive multi-valued non-self-mappings on complete metric spaces.
Introduction and preliminaries
Many applications of the contraction mapping theorems occur in a convex setting and the mapping involved is not necessarily a self-mapping. In this work we introduce and study some new common fixed point results for generalized contractive multi-valued non-self-mappings on complete metric spaces. We obtain a necessary and sufficient condition for a common endpoint to exist for such mappings, and we apply our main results to obtain some common fixed point results for multi-valued mappings and for single-valued mappings. Our results are related to the well known results of Nadler [1] and Ćirić [2] , and to the recent results of Amini-Harandi [3] and Moradi and Khojasteh [4] .
Let (X, d) be a metric space, and let P cl,bd (X) denote the classes of all non-empty, closed and bounded subsets of X . Let T : X → P cl,bd (X) be a multi-valued mapping on X . A point x ∈ X is called a fixed point of T if x ∈ Tx. Set Fix(T ) = {x ∈ X : x ∈ Tx}. An element x ∈ X is said to be a strict fixed point (endpoint) of T if Tx = {x}.
Note that ''strict fixed point'' is more natural than ''endpoint'' and we use ''strict fixed point'' instead of ''endpoint'' throughout this work (see [5, 6] for more details).
The set of all strict fixed points of T is denoted by SFix(T ). Obviously, SFix(T ) ⊆ Fix(T ). The famous theorem is due to Nadler [1] . He extended the Banach contraction principle to multi-valued mappings. Many authors have studied the existence and uniqueness of strict fixed points for a multi-valued mappings in metric spaces; see for example [3, [7] [8] [9] [10] [11] 4 ,1] and references therein.
Let H be the Hausdorff metric on P cl,bd (X) induced by d, that is,
 , A, B ∈ P cl,bd (X).
(1.1)
A mapping T : X → P cl,bd (X) has the approximate strict fixed point property [3] 
for all x, y ∈ X . Then f has a unique fixed point u ∈ X . Moreover, for every x ∈ X , u = lim n f n x. 
The main results
In this section we discuss our main result. Let K be a closed subset of X and ∂K be the boundary of K .
Definition 2.1.
A non-self-mapping T : K → P cl,bd (X) has the approximate K -boundary strict fixed point property if
Also, we say that two multi-valued non-self-mappings T , S : K → P cl,bd (X) have the common approximate K -boundary strict fixed point property if there exists a sequence {x n } ⊂ ∂K such that
Note that if T , S are two single-valued mappings from K into X , then have the common approximate K -boundary strict fixed point property if and only if T and S have the common approximate fixed point property, i.e. there exists a sequence 
4)
for each x, y ∈ X , where 
Proof. It is clear that if T and S have a common strict fixed point, then T and S have the approximate K -boundary strict fixed point property. Conversely, suppose that T and S have the common approximate K -boundary strict fixed point property;
then there exists a sequence {x n } ⊂ ∂K such that lim n H({x n }, Tx n ) = 0 and lim n H({x n }, Sx n ) = 0. For all m, n ∈ N we have
Since ψ is u.s.c., with ψ(t) < t for all t > 0, and lim inf t→∞ (t − ψ(t)) > 0, from (2.6), we have lim sup
Thus, {x n } is a Cauchy sequence in ∂K . So there exists
and hence for all n ≥ N 1 , we have
Thus for each n ≥ N 1 , we have
and this is a contradiction. Hence, x 0 ∈ Sx 0 . The same argument implies that x 0 ∈ Tx 0 . Now we prove that Sx 0 = {x 0 } (one can apply a similar argument for T ).
We conclude from (2.11) that lim n N T ,S (x n , x 0 ) = H({x 0 }, Sx 0 ). Since ψ is l.s.c.,
Therefore,
and this is a contradiction. Hence Sx 0 = x 0 . Now, we claim that such a common strict fixed point is unique. In other words, (2.14) where
. From (2.14) we conclude that d(x 0 , y) < N T ,S (x 0 , y) and this is a contradiction. Therefore, SFix(T ) = Fix(T ). 
To be precise, (X, d) is a complete metric space and ∂K = K . Now let T , S : K → P cl,bd (X) be defined by Tx = {y, z}, Ty = {y} and Sx = {z, w}, Sy = {y}. .
One can show that T satisfies all the conditions of Theorem 2.1.
On the other hand, S(y) = T (y) = {y} is the only common strict fixed point of T , S and if we consider the sequence {x n } n∈N = {y}, then {x n } ⊂ ∂K and we have Proof. It is clear that if T and S have a common strict fixed point, then T and S have the approximate K -boundary strict fixed point property. Conversely, suppose that T and S have the common approximate K -boundary strict fixed point property;
This means that
Thus lim sup n,m→∞ d(x n , x m ) = 0, i.e., {x n } is a Cauchy sequence in ∂K and, so, convergent to x 0 ∈ K . We claim that Tx 0 = {x 0 } and
(One can apply a similar argument for S.) We have
Hence, on taking the limit on both sides of (2.22) we conclude that
Since β + γ < 1, we have a contradiction. Thus Tx 0 = {x 0 }.
Also, we claim that such a common strict fixed point is unique. In other words, (2.24) and this is a contradiction. Therefore, SFix(T ) = Fix(T ). 
 .
It is easily seen that
If we consider α = β = On the other hand, S(1) = T (1) = {1} is the only common strict fixed point of T , Proof. Using Corollaries 2.2 and 2.1 we obtain the desired result.
